A general equation in orthogonal curvilinear coordinates for heat transfer through extended surfaces ns is developed. The general solution for perfect contact at the n base and end cooling is presented. The heat transfer rate through the n is obtained and the n resistance is de ned. Several examples of the application of the general results are given. The temperature distribution, heat transfer rate and corresponding n resistance are given for three coordinate systems: Cartesian, circular cylinder and spherical. Solutions for i insulated n end and ii perfect contact at the n end are also presented. It is shown that the well-known solutions longitudinal n of rectangular pro le, circular annular n of rectangular pro le are special cases of the given general solution.
INTRODUCTION
Many conduction problems in practice can be modeled as extended surfaces because conduction frequently occurs in thin metallic solids which are cooled by gases, e.g. air. Since the heat transfer takes place along one coordinate direction and the temperature variation through the thickness perpendicular to the ow direction is negligible, the temperature is essentially a function of one space coordinate only provided the appropriate coordinate system is used in the problem formulation.
Steady, one-dimensional conduction with convection cooling solutions are available for several simple geometries such as longitudinal extended surfaces having di erent pro les such as rectangular, triangular, concave and convex parabolic. Solutions for heat transfer through pin ns having pro les as described above are also of some interest to thermal analysts. Another very important case corresponds to heat transfer through extended surfaces which are part of or attached to circular tubes. The complete solutions for the three families of geometries are available in the excellent text of Kern and Kraus 1 .
Although these geometries are useful for many conventional applications, there are many other cases for which these solutions are not useful and their application may lead to large errors in estimating the total heat transfer rate through the system. There is, therefore, a need to develop equations and solutions for other geometries not covered by Kern and Kraus 1 , and which are not available in the open literature.
A general equation will be developed in orthogonal curvilinear coordinates. The developed general equation will reduce to the particular cases found in Kern and Kraus 1 and Carslaw and Jaeger 2 . There are many other cases which arise from the general equation, e.g., solutions which are valid for conduction through cylindrical and spherical shells, to name only two.
GENERAL PROBLEM FORMULATION Governing Di erential Equations
The general equation can be obtained in a direct manner. It is assumed that one can select a coordinate system which is compatible with the geometry of the physical system. A proper choice allows one to assume that the temperature eld is one-dimensional, i.e. T u 1 where u 1 is one of the three curvilinear coordinates. The conduction takes place in a thin curvilinear shell c u 2 d of thickness t = d , c whose surfaces u 2 = c and u 2 = d are convectively cooled through two di erent lm coe cients h 1 A heat balance over the control surfaces of the di erential control volume is given by:
After substitution of the previously developed conduction and convection relationships into the heat balance, and integration over the cross-section of the n, one obtains the di erential equation for a curvilinear extended surface or n:
The above di erential equation is applicable to isotropic ns whose surfaces u 2 = constant are convectively cooled through equal and constant lm coecients. The u 3 ,surfaces are adiabatic.
Boundary Conditions
Boundary conditions at the n base u 1 = a and the n tip u 1 = b are required to complete the mathematical description of the problem.
The conventional boundary condition at the base is perfect contact:
where b = Tu 1 = a , T f . The general convection boundary condition is speci ed at the n tip provided the n is not truncated:
The lm coe cient h e at the n tip is chosen to be different from the value along the sides of the n. The temperature distribution , which is the solution of Eq.6, will be reported in subsequent sections.
Fin Heat Flow Rate and Fin Resistance
The heat ow rate through the n is obtained from the following general expression:
which is the conduction through the n base. Another useful parameter, n resistance, de ned as
will be presented in subsequent sections.
In the following sections the general n equation will be applied to several coordinate systems to illustrate its utility. After the conventional solutions are presented, a few special cases will be considered. These are i cylindrical shell n, ii spherical shell n, iii a wedge n, and the iv conical n. Temperature distributions, heat ow rates and n resistances will be presented for these examples.
CARTESIAN COORDINATES
The rst example is based on the Cartesian coordinates x; y; z where, for convenience, we select the curvilinear coordinates u 1 ; u 2 ; u 3 to correspond to u 1 = x; u 2 = y;u 3 The n tip parameter is Bi e = h e L=k. The auxiliary function becomes = tanhmL if the n tip is insulated Bi e = 0, and it becomes = cothmL if there is no resistance to heat transfer at the n tip Bi e = 1.
For the general case the heat ow rate through the n base is obtained from 
CIRCULAR CYLINDER COORDINATES
There are three n equations for conduction in circular cylindrical shells. They correspond to conduction i in the radial r-direction, ii conduction in the angular -direction, and iii conduction in the axial z-direction. In each case cited, convection losses take place through particular bounding surfaces.
Radial Conduction with Convection from z, Surfaces
For completeness and to further illustrate the utility of the general formulation, the radial conduction case will be considered rst. Here we select the curvilinear coordinates to be: u 1 = r; u 2 = z;u 3 = ; therefore we have p g 1 = 1 ; p g 2 = 1 ; p g 3 = r; p g = r The ranges of the coordinates are: a r b, 0 2, 0 z t where t is the thickness of the circular annular n, as shown in Fig. 3 . The two surfaces z = 0 and z = t are convectively cooled through uniform lm coe cients h.
The general n equation becomes after substitution of the above parameters and ranges of the coordinates: The heat ow rate through the n is obtained by the application of Fourier's rate equation at the n base: The limiting results for the n function for a n with insulated n tip and a n with perfect contact at the n tip are equally true for this cylindrical n. The n resistance is therefore given by R n = 1 kmL ln b a 62
The general result reduces to simpler forms if the n tip is insulated or if it is in perfect contact with the coolant. For the perfect contact tip condition, Bi e = 1, and = coth m . The temperature distribution, the n heat ow rate and the n resistance can be obtained directly from the above three results with tanh m replaced by coth m .
SPHERICAL COORDINATES
There are three n equations for conduction in spherical shells. They correspond to conduction i in the radial r-direction, ii conduction in the polar -direction, and iii conduction in the -direction. In each case there are convection losses through bounding surfaces.
Radial Conduction with Convection from , Surfaces
The radial conduction case is considered rst. The heat transfer occurs in a system which is bounded by the surfaces r = a and r = b and the conical surface = as shown in Fig. 7 . The surface r = a is maintained isothermal at temperature b and the surface r = b is convectively cooled through a uniform lm coe cient h e . The conical surface = is convectively cooled through a uniform lm coe cient h. The Biot number is Bi = hb sin =k 0:1. The temperature is one-dimensional, r, in this system. The two special cases which arise from the general end condition are: i Bi e = 0 for which the n function becomes = tanh m and ii Bi e = 1 for which the n function becomes = coth m. The temperature distribution, the heat ow rate and the n resistance expressions reduce to simpler forms for these special cases.
SUMMARY
A general equation in orthogonal curvilinear coordinates for heat transfer through ns was developed, and the general n equation for perfect contact at the n base and end cooling was given. The general expression for heat transfer rate through the n was obtained, and the n resistance was de ned.
It was shown through several examples how the general equation reduces to the special cases considered in most heat transfer texts.
The temperature distribution, heat transfer rate and corresponding n resistance were given for three coordinate systems: Cartesian, circular cylinder and spherical.
Solutions for i insulated n end and ii perfect contact at the n end were also presented. It was shown that the well-known solutions longitudinal n of rectangular pro le, circular annular n of rectangular pro le are special cases of the given general solution.
The general equations can be used to obtain results for many other special orthogonal coordinate systems such oblate and prolate spheroidal coordinates: bicylinder coordinates, elliptic cylinder coordinates and parabolic cylinder coordinates for example.
